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Abstract. Exotic quarkonia are candidates to new types of hadrons including four quarks or gluonic degrees of freedom as
constituents, the latter being a unique feature of QCD. We review recent developments in nonrelativistic EFTs to describe exotic
quarkonia and in particular recent results on the spectrum of heavy hybrids including spin-dependent contributions up to 1/m2Q-
terms in the heavy-quark-mass expansion. We determine the nonperturbative contributions to the matching coefficients of the
EFT by fitting our results to lattice-QCD determinations of the charmonium hybrid spectrum and extrapolate the results to the
bottomonium hybrid sector where lattice-QCD determinations are still challenging. We also report on a recent new approach to
quarkonium hadronic transitions that does not use the twist expansion and uses the hybrid spectrum as the intermediate octet states.
INTRODUCTION
In the past decade many new, unexpected states, that do not fit the standard quarkonium picture, have been found
in the quarkonium spectrum close and above open flavor thresholds. These states are commonly referred as exotic
quarkonium. Exotic quarkonia are extremely interesting because they are candidates for nontraditional hadronic
states, that is states that cannot be classified as mesons or baryons. Two new types of hadron have been proposed:
states formed by a heavy-quark pair and a gluonic excitation and states formed by a heavy-quark and a light-quark
pair. These states are usually referred as (heavy) hybrid (quarkonium) and tetraquarks respectively. In the latter case
several pictures emerge depending on the spatial arrangement of the heavy and light quarks, from compact tetraquarks
to shallow bound states of heavy-light mesons. Furthermore, it has also been proposed that some of these states have
been in fact misidentified and their signals are due to kinematic effects.
Although many different models have been proposed to study exotic quarkonium the only two approaches connected
to the underlying theory of the strong interactions, QCD, are effective field theories (EFT) and lattice QCD. These two
approaches are in fact complimentary. Lattice QCD can provide ab initio results from QCD, however when dealing
with a system with well separated scales the computational costs can be difficult to overcome. On the other hand,
EFTs make use of precisely these energy gaps to provide a description the exotic quarkonium systems, but requires
of lattice input in order to determine the nonperturbative matching coefficients. Our aim is to build such EFTs and
provide specific predictions for the spectrum, decays and transitions.
Exotic quarkonia are formed by two distinct components, the heavy-quark antiquark pair and the light degrees of
freedom, which can be gluonic or light-quark in nature. The primary characteristic of exotic quarkonia is that the heavy
quarks mass is larger than the typical hadronic scale mQ ΛQCD. Therefore the heavy quarks are nonrelativistic and
the exotic states can be studied using NRQCD. The second important characteristic is that the typical binding energy
of the heavy quarks is smaller than the energy scale of the light degrees of freedom states ΛQCD Eb. This has lead
to the observation that exotic quarkonium can be studied in an adiabatic expansion between the dynamics of its two
components with similarities to the Born-Oppenheimer approximation in diatomic molecules [1, 2, 3, 4].
In diatomic molecules the nuclei pair are the heavy degrees of freedom playing a role analogous to the heavy quarks,
while the electrons are the light degrees of freedom analogous to the gluons and light-quarks in exotic quarkonium.
In the Born-Oppenheimer approximation the electronic energy levels are computed in the limit of static nuclei and
are called electronic static energies. The vibrational energy levels associated to the two-nuclei dynamics are formed
around the minima of the static energies. The separation between the electronic static energies is of order meα2, with
me the electron mass and α the fine structure constant, while the separation between vibrational levels is of order
meα2
√
me/mN , with mN the nuclei mass. Thus, we observe the same separation between the energy scales of light
and heavy degrees of freedom also present in exotic quarkonium.
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STATIC ENERGIES
The natural point to start the study of exotic quarkonium is the determination of the static energies. These are defined
as the energies of the eigenstates of a QQ¯ pair in NRQCD in the static limit. The static energies are characterized by
the following quantum numbers: r the separation between quark and antiquark, the light-quark flavor (for simplicity
we will only consider isospin) and the representation Λση of D∞h. According to this symmetry, the static eigenstates
are classified in terms of the absolute value of the angular momentum along the heavy quark-antiquark axis (|λ | ≡
Λ = 0, 1, 2 . . . , to which one gives the traditional names Σ, Π, ∆ . . . ), CP (g for even or u for odd), and the reflection
properties with respect to a plane that passes through the quark-antiquark axis (+ for even or - for odd). Only the Σ
states are not degenerate with respect to the reflection symmetry.
The specific form of these static eigenstates depends on nonperturbative physics and are unknown, nevertheless
the corresponding energy eigenvalues, the static energies, can be obtained from large time logarithms of appropriate
correlators
E(0)n (r) = lim
T→∞
i
T
log〈On(T, r,R)|On(0, r,R)〉 , (1)
where n stands for the set of quantum numbers that identify the static eigenstate, R and r are the center of mass and
relative coordinates of the heavy-quark pair and On is an interpolating operator.
For hybrid and tetraquark states an appropriate interpolating operator reads
On(t, r,R) = χ(t,R−r/2)φ(t,R−r/2,R)Hn(t,R)φ(t,R,R+r/2)ψ†(t,R+r/2) , (2)
with Hn(t,R) a gluonic operator or light-quark operator from table I, ψ the Pauli spinor field that annihilates a quark,
χ the one that creates an antiquark and φ is a Wilson line. The correlator in Eq. (1) with the interpolating operator of
Eq. (2) corresponds to a static Wilson loops with the insertion in the spatial sides of the Hn light degree of freedom
operator.
TABLE I. Examples of gluonic operators and light-quark operators for quarkonium hybrids and tetraquarks respectively, q= (u, d)
and τa are isospin Pauli matrices.
Λση kPC Hn Hn(I = 0, I = 1)
Σ+g 0++ 1 {q¯T a(1, τ )q}T a
Σ−u 1+− rˆ ·B {q¯ [(rˆ×γ)·, γ]T a(1, τ )q}T a
Πu 1+− rˆ×B {q¯ [rˆ ·γ, γ]T a(1, τ )q}T a
Σ+ ′g 1−− rˆ ·E {q¯ (rˆ ·γ)T a(1, τ )q}T a
Πg 1−− rˆ×E {q¯ (rˆ×γ)T a(1, τ )q}T a
The static energies associated to the gluonic operators in table I have been computed using quenched lattice QCD
in Refs [2, 5, 6, 7]. In Fig. 1 we show the results from Ref. [5]. These static energies show interesting behaviors in
the short- and long-distance limits. In the short distance the static energies form quasi-degenerate multiplets. This is
a consequence of an enlargement of the symmetry of the system from D∞h to O(3)⊗C. The kPC representations each
static state tends to are displayed in the r = 0 line in Fig. 1 as well as the second column of table I. In this limit the
gluonic excitations are commonly referred as gluelumps. In the long-distance limit the static energies become linear
and correspond to the energy levels of a string [8, 9, 10, 11], with the exited states corresponding to the number of
phonons.
So far we have only discussed the quenched case. An important question is how does the spectrum of static
energies change when dynamical light-quarks are considered. Unfortunately, in this case we only have partial pieces
of information from lattice QCD. First, let us consider the case in which the static state has isospin I = 0. In Fig. 2 (a)
we shown the results from Ref. [6] showing the two lowest laying static energies, which turn out no to have significant
differences between the quenched and unquenched cases. No information is available for the further excited states but
we expect a similar behavior to hold. However, when including light-quarks, we must also consider the appearance
of new static energies associated to new kinds of states. The most important of these are the heavy-light meson
pair thresholds, which appear as quasi-horizontal lines in the spectrum. When the meson pair static energies cross the
ground state characteristic avoid crossings are observed [12, 13], we illustrate this with Fig. 2 (b) taken from Ref. [13].
Other possible states are QQ¯ states with light quark hadrons and charmed baryon pairs. Finally, there is the possibility
that new static states associated to tetraquarks exist, however it is likely that they strongly mix with the gluonic states
studied in the quenched case and do not appear as separated energy levels in the unquenched one.
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FIGURE 1. The lowest hybrid static energies [5] and gluelump masses [14, 15] in units of r0 ≈ 0.5 fm. The absolute values have
been fixed such that the ground state Σ+g static energy (not displayed) is zero at r0. The figure is taken from Ref. [15].
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FIGURE 2. (a): ground state and first excited static energies for QQ¯ from quenched (green) and unquenched (blue) lattice
calculations of Ref. [6], figure taken from the same reference. (b): ground state QQ¯ static energy and the first two Qq¯-Q¯q static
energies from lattice QCD. Results and figure from Ref. [13]
Let us finish the discussion on the static energies commenting the I 6= 0 case. From Refs. [12, 16] we know that
the ground state for I = 1 is approximately the Σ+g QQ¯ static energy shifted up by one pion mass, and the first excited
state corresponds to an I = 1 heavy-light meson pair. It is likely, but not confirmed yet, that further excited states,
analogous to the hybrid static energies [3, 17], are present in the I 6= 0 spectrum of static energies. Such states would
be unambiguously light quark in nature, since they would not mix with purely gluonic states, and would generate the
charged tetraquark states which have been observed above open flavor thresholds in the spectrum of quarkonium-like
states.
EFFECTIVE FIELD THEORY FOR HYBRIDS
In this section we restrict ourselves to the case of quarkonium hybrids and build an EFT [4, 11, 18] that describes the
heavy-quark bound states on the gluonic static energies discussed in the previous section. Non-relativistic bound states
develop three well-separated scales mQ  mQv mQv2, with mQ the heavy quark mass and v the relative velocity.
The heavy-quark–antiquark distance is of the order on the inverse momentum scale r ∼ 1/(mQv) and the binding
energy is Eb ∼ mQv2. The bound states are small energy fluctuations around the minima of the static energies, thus
the binding energy Eb ∼
√
Λ3QCD/m ΛQCD, and therefore the relative distance scales as r ∼ 1/(mQv). 1/ΛQCD.
The hybrid EFT is obtained from NRQCD by integrating out the ΛQCD modes. For simplicity and brevity in the
following we are going to consider only the case of the static gluonic states associated to kPC = 1+− in table I which
correspond to the two lowest hybrid static energies. The Lagrangian reads
LBO =
∫
d3Rd3r∑
λλ ′
Ψ†λ
{
i∂t −Vλλ ′(r)+ rˆi†λ
∇2r
m
rˆiλ ′
}
Ψλ ′ . (3)
The field Ψλ has to be understood as depending on t, r and R. The trace over spin indices is left implicit.
The projectors are rˆi0 = rˆ
i and rˆi± = ∓
(
θˆ i± iφˆ i)/√2 where rˆ = (sinθ cosφ , sinθ sinφ ,cosθ), θˆ = (cosθ cosφ ,
cosθ sinφ ,−sinθ) and φˆ= (−sinφ , cosφ ,0). The potential can be organized as an expansion in 1/mQ
Vλλ ′(r) =V
(0)
λ (r)δλλ ′ +
V (1)λλ ′(r)
mQ
+
V (2)λλ ′(r)
m2Q
+ . . . (4)
It is interesting to study the matching in the short-distance regime r 1/ΛQCD. In this case the scale associated
to the relative heavy-quark momentum mv ΛQCD can be integrated out perturbatively leading to an EFT formally
identical to weakly-coupled pNRQCD [19, 20]. One can then in turn integrate out the ΛQCD modes and match
weakly-coupled pNRQCD to the EFT for hybrids [4, 18]. This procedure yields a short-distance description of the
EFT potentials. The matching conditions from NRQCD to weakly-coupled pNRQCD to the hybrid and tetraquark
EFT are
gOn(t, r,R)∼= gZ1/2o (r)Oa(t, r,R)Han (t,R)+ . . .∼= Z1/2o (r)Z1/2Hn (ΛQCD)Ψn(t, r,R)+ . . . (5)
where Oa is the color-octet heavy quark-antiquark field. Z0 and ZHn are normalization factors. The form of the
potentials in the short distance can be generically described as follows: a sum of a perturbative part, which is typically
nonanalytic in r corresponding to the weakly-coupled pNRQCD potentials, and a nonperturbative part, which is a
series in powers of r. The coefficients of the latter only depend on ΛQCD and can be expressed in terms of gluonic and
light-quark correlators.
The static potential, V (0)λ , can be matched to the lattice NRQCD static energies and a short-distance weak-coupling
pNRQCD description:
E(0)|λ | (r) =Vo(r)+Λ1+b|λ |r
2+ · · ·=V (0)λ (r) , (6)
where Vo(r) is the octet potential, Λ1 is the (lowest lying) gluelump mass [14], which as well as b|λ | is a nonperturba-
tive constant. The weakly-coupled pNRQCD description of the static energy in Eq. (6) reproduces the short-distance
degeneracy we have observed in the lattice data in Fig. 1, since up to next-to-leading order the potential is independent
of the projection value λ .
The kinetic operator in Eq. (3) contains off-diagonal terms in λ -λ ′ that mix the states associated to different pro-
jections. This off-diagonal matrix elements are the analog of the nonadiabatic coupling in molecular physics, and it
is the leading correction that couples the dynamics of the heavy and light degrees of freedom. Unlike in diatomic
molecules, the nonadiabatic coupling is not subleading in quarkonium hybrids due to the short-distance degeneracy of
the potentials associated to the mixed states. The spectrum for quarkonium hybrids obtained by solving the coupled
Schrödinger equations with the static potentials extracted from the lattice static energies was obtained in Refs. [11,
18]. The results of Ref. [18] for the charmonium spectrum are shown in Fig. 3 in bands representing the central value
prediction and the uncertainty together with observations of neutral exotic charmonium. Each band corresponds to
a spin symmetry multiplet of table II. In several cases there are multiple experimental candidates to a given hybrid
charmonium state. The spectrum for bottomonium hybrids can be found in Ref. [18]. In this sector the experimental
states ϒ(10750) [21] and ϒ(11020) are candidates for the ground and first radial exited states of the H1 multiplet.
H1(l=1,P=-1)
H2 (l=1,P=+1)
H3 (l=0,P=+1)
H4 (l=2,P=+1)
H1'(l=1,P=-1, excited)
DD Threshold
DsDs Threshold
Y(4230)[1--] Y(4320)[1--] Y(4360)[1--] X(4140)[1++] X(4160)[??+] X(4274)[1++] X(4500)[0++] X(4700)[0++] Y(4390)[1--] ψ(4415)[1--] Y(4630)[1--] Y(4660)[1--]
3.2
3.4
3.6
3.8
4.0
4.2
4.4
4.6
4.8
Mass(GeV)
FIGURE 3. Mass spectrum of neutral exotic charmonium states obtained by Ref. [18]. The experimental states of that have
matching quantum numbers are plotted in solid blue lines. The spin-symmetry multiplets are those of Table II, the prime indicates
the first radially excited state. The multiplets have been plotted with error bands corresponding to a gluelump mass uncertainty of
0.15 GeV. Figure updated from Refs. [4, 18].
l JPC{s= 0 ,s= 1}
H1 1 {1−−,(0,1,2)−+} Σ−u , Πu
H2 1 {1++,(0,1,2)+−} Πu
H3 0 {0++,1+−} Σ−u
H4 2 {2++,(1,2,3)+−} Σ−u , Πu
TABLE II. Spin-symmetry multiplets. Each multiplet corresponds to an angular eigenvalue momentum l, note that the angular
momentum operator corresponds to the sum of the angular momentum of the heavy-quarks and the gluonic degrees of freedom.
For each angular momentum l > 0 the Schödinger equations can be decoupled into two sets of equations for positive and negative
parity, one of them still mixing the Σ−u and Πu static states while the other is purely Πu. The JPC of the hybrid quarkonium states
are obtained combining the angular momentum state with the spin state of the heavy-quarks.
SPIN-DEPENDENT TERMS FOR QUARKONIUM HYBRIDS
For the lowest-lying hybrid excitations of kPC = 1+−, the spin-dependent potentials take the form
V (1)λλ ′ SD(r) =VSK(r)
(
rˆi†λK
i j rˆ j1λ ′
)
·S+VSKb(r)
[(
r · rˆ†λ
)(
riK i j rˆ jλ ′
)
·S+
(
riK i j rˆ j†λ
)
·S (r · rˆλ ′)
]
, (7)
V (2)λλ ′ SD(r) =VSLa(r)
(
rˆi†λ LQQ¯rˆ
i
λ ′
)
·S+VS2(r)S2δλλ ′ +VS12a(r)S12δλλ ′ +VSLb(r)rˆi†λ
(
LiQQ¯S
j+SiL jQQ¯
)
rˆ jλ ′
+VS12b(r)rˆ
i†
λ rˆ
j
λ ′
(
Si1S
j
2+S
i
2S
j
1
)
, (8)
where LQQ¯ is the orbital angular momentum of the heavy-quark-antiquark pair, S1 and S2 are the spin vectors of the
heavy quark and heavy antiquark, respectively, S = S1 +S2 and S12 = 12(S1 · rˆ)(S2 · rˆ)− 4S1 ·S2.
(
Ki j
)k
= iε ik j
is the angular momentum operator for the spin-1 representation. The first three operators on Eq. (8) are the standard
spin-orbit, total spin squared and tensor spin operators that also appear in standard quarkonium, the rest of operators
are unique to hybrid quarkonium. Specially noteworthy are the operators in Eq. (7) suppressed only by one power of
the heavy quark mass. Since in standard quarkonium the leading spin-dependent operators appear at 1/m2Q order, it
is to be expected that hyper-fine splitting will be more important in quarkonium hybrids than standard quarkonium.
Additionally two new operators, in the second line of Eq. (8), appear also at 1/m2Q order. Standard time-independent
perturbation theory can be used to compute the mass shifts in the quarkonium hybrid spectrum produced by the
spin-dependent operators.
In the short-distance limit the matching coefficients of the spin-dependent potentials can be determined matching
weakly-coupled pNRQCD to the hybrid EFT. The matching coefficients can be generically characterized as the sum of
a perturbative contribution and a nonperturbative one. The perturbative contribution corresponds to the spin-dependent
octet potentials and only appears in the operators analogous to those of standard quarkonium. The nonperturbative
contributions can be written as a polynomial series in r2 with coefficients encoding the nonperturbative dynamics of
the gluon fields. For example, the leading order operator matching coefficient VSK is purely nonperturbative, since it
has no standard quarkonium analog and can be written as
VSK =V
np(0)
SK +V
np(1)
SK r
2+ . . . (9)
V np(0)SK =
cF
2
lim
T→∞
ieiΛ1T
T
∫ T/2
−T/2
dt ε i jkhbcd 〈0|Bia(T/2)φ ab(T/2, t)gB jc(t)φ de(T/2, t)Bke(−T/2)|0〉 . (10)
It is interesting to note that all the heavy quark dependence of the matching coefficients can be factorized of the
nonperturbative gluon correlators and its encoded in NRQCD matching coefficients such as cF in Eq. (10). These
nonperturbative gluon correlators can be obtained by fitting the spin splittings to the lattice determinations of the
charmonium hybrid spectrum. Once the nonperturbative part of the matching coefficients is determined, the spin
contributions in the bottomonium hybrid sector can be predicted [22]. In figure 4 we show the results for the lowest-
lying hybrid multiplet.
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FIGURE 4. Spectrum of the lowest-lying charmonium (left) and bottomonium (right) hybrid multiplet. The lattice results for the
charmonium sector from Ref. [23] are the most right (purple) boxes for each quantum number. The perturbative contributions to
the spin-dependent operators in Eq. (8) added to the spin average of the lattice results (red dashed lines) are the most left (green)
boxes. The central (blue) boxes for each quantum number are the full results from the spin-dependent operators of Eqs. (7) and (8)
including perturbative and nonperturbative contributions. The height of the boxes indicates the uncertainty.
HADRONIC TRANSITIONS IN QUARKONIUM
Hadronic transitions in quarkonium have been studied since the late 70’s. The traditional approach has been to
parametrize the transition amplitudes using chiral symmetry (current algebra in the early works and later on with
EFT’s) and to input of information on the bound state dynamics to partially or fully determine the free parameters
left. To carry out the latter part of the program, it was noted that, in the context of the multipole expansion, hadronic
transitions can be thought as a two step process. First, a gluon is emitted by the initial quarkonium states and the
singlet quarkonium state becomes a color-octet. This octet state propagates for a brief period of time and emits a
second gluon transforming into the final singlet quarkonium state. In a longer time scale, dictated by ΛQCD, the two
gluons hadronize into the final state pions. The multipole expansion allows for the derivation of selection rules and
to relate transitions between different partial waves, however by itself does not allow for the full determination of the
transition amplitude since it is still in terms of a nonlocal correlator involving the octet propagator and glue operators.
The final step in the traditional approach, was proposed by Voloshin and consists in an operator product expansion of
the octet propagator, which results in the amplitude being written in terms of local glue operators, for this reason this
is often referred as the twist expansion of the transition amplitude. The hadronization of the local glue operators into
the final pion states (at least the leading order term) can be determined making use of the scale [24, 25] and axial [26,
27] anomalies for the cases of two and one pions respectively. Nevertheless, the use of the twist expansion is only
well justified when the energy of the final state pions is smaller than the typical binding energy of the quarkonium and
therefore not valid for transitions between quarkonium states with different principal quantum number [28].
Our proposal is to study these transitions using an EFT approach, based on a hadronic version of weakly-coupled
pNRQCD [19, 20]. The hadronic EFT is built in terms of the singlet (standard heavy quarkonium), hybrid and pion
fields, organized according the 1/mQ and multipole expansions as well as chiral symmetry. We also organize the
computation according to the large Nc expansion, which allows us to argue that B/D mesons and possible tetraquarks
contributions are, a priori, subleading. In this EFT the intermediate octet states in the hadronic transitions correspond
to the hybrid quarkonium spectrum and the amplitude can be written in terms of local glue operators which can be
hadronized with the scale and axial anomalies leading to formally similar results as the ones using twist expansion. In
Ref. [29] we have studied QQ¯(2S)→ QQ¯(1S)pipi , QQ¯(2S)→ QQ¯(1S)pi0(η) and QQ¯(2S)→ QQ¯(1P)pi0 transitions.
In the following we review the first case.
The hadronic version of the pNRQCD Lagrangian reads
LhadpNRQCD =
∫
d3Rd3r
[
S†
(
i∂t −Vs(r)+∇
2
r
mQ
)
S+∑
λλ ′
Ψ†λ
{
(i∂t − (V (0)o +Λk))δλλ ′ + rˆi†λ
∇2r
mQ
rˆiλ ′
}
Ψλ ′
+
F2
4
(〈uµuµ〉+ 〈χ+〉)+ (r · rˆλS†Ψλ +h.c)(t(r1−−)+ t(r1−−)d0 F2〈u0u0〉+ t(r1−−)di F2〈uiui〉+ t(r1−−)m F2〈χ+〉)] . (11)
The fields S and Ψλ should be understood as depending on t, r and R and correspond to the standard and hybrid
quarkonium. In this case the hybrid quarkonia we consider are the states with kPC = 1−− unlike those in Eq. (3). The
unitary matrix u= exp(ipi ·λ/(2F)) contains the pion fields, which depend on t and R, F is the pion decay constant
and
uµ =i
(
u†(∂µ − irµ))u−u(∂µ − ilµ)u†
)
, (12)
χ± =u†χu†±uχ†u , (13)
where χ = 2Bdiag(mˆ, mˆ,ms), with B being related to the vacuum quark condensate. In the isospin limit, the pion mass
is m2pi = 2Bmˆ. 〈A〉 stands for the trace of A in the isospin index and the trace over spin indices is left implicit.
The singlet-hybrid mixing term in the hadronic theory is given by
Z1/2E 〈0|Ψλ (t, r′,R′)S†(0, r,R)|0〉amp. = ir · rˆ†λZ
1/2
E t
(r1−−) , (14)
which according to the matching condition in Eq. (2) is matched to the following correlator of pNRQCD in term of
quarks and gluons:
g〈0|rˆ†λ ·Ea†(t,R′)Oa
(
t, r′,R′
)
S†(0, r,R)|0〉amp. = i
√
TF
Nc
rˆ†iλ r
j〈0|gEai†(R)gEa j(R)|0〉 , (15)
where amp. signals that only amputated contributions are considered (overall δ (r′− r) are also factored out). The
normalization of the Ψλ field implies
〈0|gEai†(R)gEa j(R)|0〉= ZEδ i j+ . . . (16)
Putting Eqs.(14)-(16) together we arrive at
t(r1
−−) =
√
TFZE
Nc
. (17)
The operators with an even number of pions in Eq. (11) are matched in a similar way. In the hadronic EFT
Z1/2E
∫
d4x+d4x−eip+·x+eip−·x−〈0|pi+(x+)pi−(x−)S(t, r,R)Ψ†λ (0, r,R)|0〉amp.
= i4Z1/2E r · rˆλ
(
−t(r1−−)d0 p0+p0−+ t(r1
−−)
di p+ ·p−− t(r1
−−)
m m2pi
)
, (18)
and the corresponding correlator in pNRQCD reads
〈pi+(p+)pi−(p−)|S(t, r,R)rˆλ ·Ea(0,R)Oa†(0, r,R)|0〉amp. = ig
√
TF
Nc
rˆλ ·r〈pi+(p+)pi−(p−)|E(R) ·E(R)|0〉
=
i
3
√
TF
Nc
rˆλ ·r
8pi2
β0
((
2− 9
2
κ
)
p0+p
0
−−
(
2+
3
2
κ
)
p+ ·p−+3m2pi
)
, (19)
where in the last step we hadronize the gluonic matrix element using the anomaly relation of the energy-momentum
tensor of QCD [25, 30] which determines the matrix element up to the free parameter κ .
Comparing Eq. (18) and Eq. (19) we obtain
t(r1
−−)
d0 =−
2pi2
3β0
√
TF
NcZE
(
2− 9
2
κ
)
, t(r1
−−)
di =−
2pi2
3β0
√
TF
NcZE
(
2+
3
2
κ
)
, t(r1
−−)
m =−2pi
2
β0
√
TF
NcZE
. (20)
For comparison purposes let us write the most general transition amplitude for two pion transitions according to
chiral and heavy quark spin symmetry up to O(p2)
Aχ =−a1p0+p0−+a2p+ ·p−−a3m2pi , (21)
Using the hadronic pNRQCD Lagrangian of Eq. (11) the free parameters of Eq. (21) take the form
a1 =−8pi
2TF
3β0Nc
β (12)r,Q
(
2− 9
2
κ
)
, a2 =−8pi
2TF
3β0Nc
β (12)r,Q
(
2+
3
2
κ
)
, a3 =−8pi
2TF
β0Nc
β (12)r,Q , (22)
with β (12)r,Q the sum over the intermediate k
PC = 1−− hybrid states
β (n
′n)
r,Q =∑
m
〈Sn′ |rˆ†λ ·r|Ψm〉
(
1
mn−mm +
1
mn′ −mm
)
〈Ψm|rˆ†λ ·r|Sn〉 . (23)
It is remarkable that the normalization factors ZE cancels out, which allows us to completely evaluate the transition
amplitude except for the parameter κ .
We can now compare our results with experimental data. First let us look at the normalized decay width spectrum
with respect to the dipion invariant mass. This normalized distribution is independent of the unknown normalization
of the experimental spectrum making it a convenient observable to compare with, moreover the theoretical expression
of the normalized decay width spectrum is independent of β (n
′n)
r,Q and only depends on κ . Therefore, we can obtain the
value of κ by fitting the normalized decay width spectrum. The results are shown in Fig. 5.
ψ(2S)→ J/ψ π+π-Υ(2S)→ Υ(1S) π+π-
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FIGURE 5. Plot of the normalized differential decay width spectrum. The dots are the experimental data for ψ(2S) →
J/Ψpi+pi− [31] and ϒ(2S)→ ϒ(1S)pi+pi− [32] in blue and yellow respectively. In the same color scheme the continuous lines are
the fits of the theoretical expression obtained from the amplitude computed with the hadronic pNRQCD Lagrangian. The variable
x is defined as x= mpipi−2mpim2S−m1S−2mpi .
The values for κ obtained from the fits are as follows
κc = 0.277±0.015 , κb = 0.229±0.016 , κjoint = 0.247+0.014−0.013 . (24)
We will take the value of the joint fit to both sets of experimental data, κjoint, in our numerical evaluations of the total
widths. To estimate the uncertainty associated to subleading effects we take the difference of the value in Eq. (24),
obtained with phase space factors computed with relativistic kinematics, with the value obtained using nonrelativistic
kinematics. We then combine them in quadrature with the statistical error quoted in Eq. (24) and give κ = 0.247(20).
We compute β (12)r,Q with the k = 1
−− and m3S1 hybrid intermediate states m= 1, ..,4 (we observe that the effect of
introducing 3 or 4 hybrid states is comparatively small compared with other uncertainties). The hybrid masses and
wave functions are obtained using the techniques developed in Ref. [18]. We obtain the following values for the decay
widths
Γψ(2S)→J/ψpi+pi− = 46.2(−10.3+15.7)Λ1(
−3.2
+3.4)κ(±21.2)s.p. keV , Γexp = 102.1(2.9)keV , (25)
Γϒ(2S)→ϒ(1S)pi+pi− = 3.08(−0.58+0.81)Λ1(
−0.23
+0.22)κ(±1.49)s.p. keV , Γexp = 5.71(48)keV . (26)
The uncertainties are labeled according to the source, with Λ1 the lowest lying gluelump mass, and s.p. the different
parametrization for the singlet and hybrid static potentials. Our numbers differ from the experimental ones by about
a factor 2. One should keep in mind however that our estimates suffer from large uncertainties. We find a significant
dependence on variations of the wave function of the hybrid and singlet state. The error generated by the uncertainty
on the energy difference between singlet and hybrid states is somewhat smaller. These error estimates are of the right
magnitude, though not large enough, to completely account for the difference with experiment. One should keep in
mind however that, besides those errors already estimated, one error that has not been incorporated in this analysis
is due to the uncertainties associated to the hadronization of the local operator such as O(αs) corrections to the beta
function.
It is interesting to consider the ratio of decay widths, where the uncertainties associated to the gluon hadronization
cancel out, as well as a reduction on the impact of the other uncertainty sources
Rbc,pipi ≡ R
(
ϒ(2S)→ ϒ(1S)pi+pi−
ψ(2S)→ J/ψpi+pi−
)
=6.65(+0.30−0.38)Λ1(∓0.02)κ(±0.31)s.p.×10−2 , (27)
Rexpbc,pipi =5.59(0.50)×10−2 .
This observable can be considered a rough measure of β (21)r,b /β
(21)
r,c . The agreement with experiment is remarkable:
below 20%, and could be accounted for by the quoted errors.
CONCLUSION
We have reviewed recent developments in the EFT approach for exotic quarkonium. In particular, we have reported
the calculation of the hybrid quarkonium spectrum including spin-dependent contributions, which owning to their
appearance at 1/mQ suppression instead of 1/m2Q as in standard quarkonium are expected to be of enhanced impor-
tance. Finally we have shown how the hybrid quarkonium spectrum can be used to compute the intermediate states in
quarkonium hadronic transitions in a similar EFT framework.
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